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Supplementary Information
Cooling and Self-Oscillation in a Nanotube Electro-Mechanical

Resonator

C. Urgell, W. Yang, S. L. de Bonis, C. Samanta,
M. J. Esplandiu, Q. Dong, Y. Jin, and A. Bachtold

I. CALIBRATION OF THE DISPLACEMENT

In order to quantify the displacement using Eqs. 3,4 in methods, we estimate the ca-
pacitance Cy from the separation AV, = 23.1 mV between two conductance peaks in the
Coulomb blockade regime at large positive V;, values (Fig. S1). We obtain Cy = e/AV, =
6.94 x 10718 F. We get Cy = TX 1072F/m from the measurement of the variance of the

displacement as a function of temperature using m = 2.7 ag.
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FIG. 1. Coulomb blockade measurements. Differential conductance Gy;rr as a function of

gate voltage at 10 K and zero source-drain bias.
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FIG. 2. Electron transport measurements. (a,b) Differential conductance and transconduc-
tance as a function of Viq and V, measured at the base temperature of the fridge. (c) Transcon-

ductance as a function of V; measured at Viq = 0.7 mV.

II. RELATION BETWEEN ELECTRON TRANSPORT AND VIBRATION
COOLING

d

Figures S2a,b show that the measurements of Gy;;¢ and dG{}iff as functions of V, and Vi
g

are remarkably regular over a large range of gate voltage. This reflects the high quality of
the nanotube. The shell filling with Kondo ridges at zero source-drain bias is observed over
the full range of V. The instability in the conductance discussed in Figs. 1b and 2d of the
main text appears periodically in gate voltage over the full V; range as well.

dGaife

Figures S2b,c show that regions with strongly negative T emerge periodically in V, at

finite source-drain voltage. This occurs for V4 in the range between 0.4 mV and 1.1 mV.



We observe efficient cooling in these strongly negative df—{}iﬁ regions, as demonstrated by the
g
measured spectra of thermal vibrations in Figs. S3a-c.
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FIG. 3. Cooling at different V, values. (a-c) Displacement power spectral density of thermal

vibrations showing low occupation number in regions where dg“}iﬁ is strongly negative.
g

III. SELF-OSCILLATION

The vibrations of the nanotube in the instability region switch back and forth between
thermal motion and self-oscillation, as it can be seen in the time traces of one of the two
quadratures (X) and of the amplitude (R) in Fig. S4. In these traces, the amplitude of
thermal vibrations is low, whereas the amplitude in self-oscillation is high. These switches
between thermal motion and self-oscillation occur randomly in time.

Pure self-oscillation can also be observed without any switches to thermal vibrations. See

for instance Fig. S5. This often happens at high V4 values.

IV. SHOT NOISE MEASUREMENT

Here we describe how we measure the shot noise of the nanotube device. The spectral
density of the current noise Sy is transformed into spectral density of voltage noise Syv
through the total impedance Z, = (Rgi}:f + Zgﬁc)*l, where Rgig is the nanotube differential
resistance and Zgpc is the effective impedance of the RLC circuit. The voltage fluctua-
tions, which are amplified by the high-electron-mobility-transistor amplifier (HEMT), are
measured at the frequency wgryc = 27 - 1.27 MHz over ~ 80kHz bandwidth. Our noise mea-

surement contains the background contribution Sﬁg related to the Johnson-Nyquist noise of
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FIG. 4. Time domain measurements. (a-c) Three different time traces of one quadrature X
(blue) and the corresponding amplitude R (orange) at Vyq = 0.25mV for V; = —616mV, plotted

from the Fig. 3h in the main text.

the total circuit and of the HEMT noise. This background contribution is independent of
the source-drain voltage Viq, so that it can be quantified from the current noise measured
at Voq = 0 mV. After the substraction of this background contribution, we determine the
Fano factor F' of the nanotube device at finite V4 from the measured current noise using
F = Siu(Via)/(2elq), where e is the electron charge, and Iy is the DC current at a given

source-drain bias Vgs (Fig. S6).
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FIG. 5. Pure self-oscillation. (a) Displacement spectral density at Viq = 1.2 mV and V, =
—616 mV. (b) The phase-space of the two quadratures of the motion. (c) Histogram associated

to the phase-space in b.

[«)]
(on
(@]

o
w

o
[N

Ry (KQ)

o
[

S, (10%°A*/Hz)
Fano Factor

00 05 1.0 15 20 00 05 1.0 15 20
V,, (mV) Vg (MV)

FIG. 6. Shot noise measurements. (a,b) Differential resistance Rqig (grey) and current noise
density St (blue) as a function of Viq for two different gate voltage values. (c¢) Fano factor as a

function of Viq for different V, values.
V. DISPLACEMENT SENSITIVITY

The current noise floor S}mp at wrrc sets the displacement imprecision noise SI™P of the
detection method using
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The current noise floor at zero source-drain bias is given by the HEMT noise and the
Johnson-Nyquist noise of the circuit. When increasing the bias, the contribution of the
electron shot noise dominates the displacement sensitivity (Fig. S7a). The Vyq dependence
of the imprecision displacement noise is obtained using Eq. [I| (Fig. S7b). The imprecision
noise can reach the level of the displacement noise S?f = \/m of the zero-point

fluctuations at resonance frequency (Fig. S7c).
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FIG. 7. Displacement sensitivity. (a,b) Current noise floor and displacement imprecision noise
as a function of V4. (c) Same as (b) but with the displacement imprecision noise normalised by

the displacement noise of the zero-point fluctuations at resonance frequency.

VI. BACKACTION

A. Retardation time due to the circuit

Figure S8 shows the simplified electrical circuit used to evaluate the electrostatic and
the electrothermal backactions when the retardation is given by the circuit. We consider
the impedances relevant at the resonance frequency of the resonator. The nanotube with
conductance G is connected on the source electrode to the capacitance Crc ~ 60 pF of the
coaxial cable and the resistance Rs5y = 50 €2 of an attenuator, which form the impedance of
the circuit

Zr = (Rs) + iwCro) ™. (2)
The mechanical vibrations modulate the nanotube conductance by the amount dG. When
a DC voltage Vyq is applied to the source electrode nanotube, the conductance modulation

generates an oscillating current di,. at the frequency close to wy. The current flowing through

Zr creates an oscillating voltage dv,. on the source electrode, so that

6'Uac = _5iacZT7 (3)
(4)

Reference! made a similar analysis as here. The difference in the two analysis comes from

Vige = 0GViq + Govge.

the fact that our device is biased with a constant voltage, while the device in Ref' is biased
with a constant current.
The retardation time 7grc of the backaction on the vibrations is of the order of 1/wy. The

retardation time is related to the delay of the modulation of dv,. with respect to 0G. We
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FIG. 8. Simplified electrical circuit.

thus express dv,. as

Zr 1 — iwR5Cre

2 0GVi ~ — Ry N 5G Vg, 5
L+ ZrG 1+ wRCEe (5)

OVpe = —

where we use R50G << 1 in the last equality. The argument of the complex number in the

numerator is ¢ = —arctan (wR50Crc), so that the retardation time is
arctan (woRs0Crc
TRC — ( o ) . (6)
0

From the values of Cra, Rs9, and wy >~ 27-92 MHz, we get that wyR50Crc = 1.7. Therefore,
the retardation time 7grc of the circuit is of the order of 1/wy. The estimation wymrc ~ 1 is

relevant, since this enhances cooling®.

B. Electrostatic backaction with the retardation due to the circuit

As described in the last subsection, the modulation of the voltage dv,. on the source
electrode is due to the vibration-induced modulation of the conductance, when the nanotube
is biased with a constant voltage. Assuming symmetric electrical contacts, the voltage

modulation on the nanotube is dunT = %(51)“. This results in the electrostatic force

1— ZCUR5()CRC a—G‘/Sd(SZ (7>

1
§F = C'Vidvny = —=C'V, Ryg——
CoVsoonr = =5 CValto - e 2 52

The real part of this backaction force leads to the shift of the spring constant, and the

imaginary part to the shift of the decay rate. Using ' = —mAFbacki—j and % = iwz, we get
1 R dG i (CyVy)?
Akback _ = 50 - dff( g g) Véd, (8)
2\ 1+ (R50WCR0) d‘/g Cg
1 R%,C dG g (CgVy)?
Al—‘back - T4 50RO 2 it ( £ g) sd- (9>
2m \ 1+ (R50wCRc) dVg Cg

The retardation time of the backaction on the vibrations is about 1/wy.



This backaction cannot account for our data. Equation [9] cannot account for the efficient
cooling in Figs. 4a,c of the main text, since the predicted AL is one order of magnitude

smaller than that measured in Fig. 4d of the main text.

C. Electrothermal backaction with the retardation due to the circuit

The closed loop of the backaction goes as follows. The dissipated power increases the
temperature of the device. The effective thermal expansion of the device leads to the dis-
placement of the nanotube. This displacement reacts back on the dissipated power via
0G = %52’. The delay of the retardation time is Trc.

The dissipated power of the voltage-biased nanotube is P = (G + 6G)(Viq + dvac)?. The
first-order expansion of the power reads

Z1G
2 . 1
5P, = V256G — ZTGva(; (10)

The first term of this equation leads to backaction when taking into account the thermalisa-
tion time of the device, as discussed in the next subsection. The second term results in the
change of the decay rate because of the retardation of the circuit. This is what is discussed
here.

The modulation of the dissipated power leads to the modulation of the mechanical tension
in the nanotube. The tension modulation depends on the temperature profile along the
nanotube and the electrodes, which is something hard to know precisely especially at low
temperature when the electron transport is quasi-coherent®. In what follows, we assume
for simplicity that the dissipation occurs solely in the nanotube, and that temperature rises
by 0T = 0PTyn/Cheat- Here, Chear is the heat capacity of the nanotube and 7, is the
thermalisation time of the nanotube. We do an additional simplification using 7, ~ L/v =~
0.1 ns, where L is the nanotube length and v ~ 10* m/s is the phonon velocity in nanotubes®.
Assuming that the thermal expansion is solely occurring in the nanotube, the nanotube
expands by 0L — rpedT where arge is the thermal expansion coefficient of the nanotube.
Using Hook's law, the change of the mechanical tension is given by 0T ecn = 27?7’E2d— where
FEsq = 340 N/m is the two-dimensional Young's modulus of graphene and r the nanotube

radius. Overall, the mechanical tension is related to the dissipated power by

aTrcEaaTon

0T rech = 2nro P (11)

heat



We emphasize that we would get a linear relation between the tension and the power as
in Eq. albeit with a different ratio T yeen /0Py, if we were considering dissipation in the
electrodes and /or thermal expansion of the electrodes.

The modulation of the mechanical tension generates a shift in the spring constant and in

the decay rate. For this, we use the Euler-Bernoulli equation that reads

o+ 25 [ (2)
mech 27, o dx

where p is the nanotube mass density, S the nanotube cross-sectional area, Z the dis-

d*Z
) (12)

2z dZ
&2 _ _prtz .
P2 dz?

placement at the coordinate x along the nanotube axis, ¢t the time, F the nanotube three-
dimensional Young’s modulus, and I the moment of inertia. We assume that the restoring

force is solely given by the mechanical tension, as it is the case in our experiment, so that

Eld4f — 0. We set
Z(x,t) = zg X ¢pg(x) + 21(t) X ¢1(x). (13)

Here, ¢s(x) and ¢, () are the profiles of the static deformation and the measured eigenmode
with max(¢s(x)) = max(¢;(z))=1, whereas z; and z(t) are the associated time dependent
displacements. We use ¢s(z) = ¢;(z) = sin(mz/L), a good approximation since the nanotube
is under tensile tension. The equation of motion is obtained by multiplying the Euler-
Bernoulli equation by ¢;(z) and integrating it along z. The mechanical tension is Tiecn =

TO

0 ot — 0T meen where TP . is the time-independent tension in the nanotube. The time-

dependent tension creates a term proportional to z;. The real part of this term induces a

shift in the spring constant, and the imaginary part leads to a shift in the decay rate,

1 delff C/

Akpack = —EV, 2 V2, 14

back = A o Rso AV, C sd (14)
dGl Cy

AFback - d‘iﬁ C V ‘/;%17 (15)

(16)

7T3 TECE2dTph 1 ( 2OR(;GR§O )
L Cheat ( ‘

T wCrcR50)* + 1

The retardation time of the backaction on the vibrations is about 1/wy, that is, 7 ~ 2 ns.
We now compare the measurements of the decay rate as a function of V4 in Fig. 3b and
Fig. 4d with Eq. [L5| (pink lines). We estimate that the static displacement is z; = —0.97 nm
at V, = —616 mV and z, = —2.08 nm at V, = —943 mV using z, = —j&v(gf from the
derivation of the Euler-Bernoulli equation. We use Clea; = 1.6 - 10722 J/K from Ref” where
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the specific heat capacity of nanotubes is 3 - 1075 J/gK at 0.1 K. The only free parameter
left is the thermal expansion coefficient. From the comparison between the measurements
and this model, we get atgc = 9 - 107% 1/K. Although we did not find any report on argc
for nanotubes, graphene, and graphite at such low temperatures, the order of magnitude
that we get is rather realistic. The temperature modulation involved in the backaction at
Ve = —943 mV is estimated to be 40 uK and 0.4 mK at Vig = 0.1 mV and Vg = 0.565 mV,
respectively.

To finish this subsection, we discuss the third-order expansion of the power modulation

related to Eq.[I0] since it is relevant for the self-oscillation regime. The third-order expansion

5py—v2sct (—Zr (17)
1+ 721G

Carrying out the same derivation as that described above, we obtain two additional back-

reads

2dz

action force terms, that is, a Duffing force and a nonlinear decay force of the form z*%.

dGaig
vy

Depending on the sign of the nonlinear decay force can be negative, so that this force
further increases the amplification, especially when the amplitude of motion is large. The
exact derivation of the nonlinear decay force is difficult due to its renormalisation by the

other nonlinear forces. The study of this nonlinear force is beyond the scope of this Letter.

D. Electrothermal backaction with the retardation due to the thermalisation time

of the device

In contrast to the backaction discussed in the last subsection, this backaction arises from
the modulation of the power P, = VAG in Eq. [10{associated to the thermalisation time of
the device. The derivation of the backaction is similar to that above. The time-dependent

tension that is induced by d P; creates a force F' proportional to z; in the equation of motion.

1 OF

The shift in the decay rate is given by Al'pae = = B

5—Tpn When the thermalisation time 7

is much shorter than wy?. As a result, we obtain

dG ; C
Al_‘back - d‘iﬁ C v ‘/s?i’ (18>
s 7 arpcBEath
= . 1
“ g Lm Cheat ( 9>

When we compare the measured V4 dependence of the decay rate with this model, the

agreement is satisfactory. The functional form of Eq. [1§|is the same as that in Eq. [15| when
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the retardation is due to the circuit. From the comparison between the measurements and
this model, we get arpc = 31072 1/K, which is smaller that the value obtained when the
retardation is due to the circuit. The temperature modulation involved in the backaction at
Ve = —943 mV is estimated to be 0.8 mK and 9 mK at Vg = 0.1 mV and Vg = 0.565 mV,

respectively.
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